The Bernoulli polynomials Bn are related to the sums ofnth powers of the first few natural numbers as follows. For any n >/1, the sum 1 n +2 n +.
--+ k" is a polynomial function Sn(k) ofk and Sn(x) = (Bn+l (X -F 1) -Bn+l)/(n -Jc 1).
One says that an equation f(x) = g(y) has infinitely many rational solutions with bounded denominator if there exist a positive integer L such that f(x) = g(y) has infinitely many rational solutions x, y satisfying x, y ~ 1Z and, more generally, we look for rational solutions with bounded denominators.
Earlier, we have studied the equations of the type f(x) = g(y) for:
(i) f(x) = x(x + 1)..
-(x + m -1) and a general g(y) [2,4] and (ii) f(x) = aBm(x), g(y) = bBn(y) + C(y)
where m >/n > deg(C) + 2 [5] .
Here, we prove the following two theorems:
For m ~> n > deg(C) + 2, the equation
aBm(x) = bfn(y) + C(y) has only finitely many rational solutions with bounded denominator except in the following situations: (i) m = n, m + 1 is a perfect square, a = b(~-+ 1 )m, (ii) m = 2n, (n + 1)/3 is a perfect square, a = b( ~ ~/ ~-~ ! )n.

In each case, there is a uniquely determined polynomial C for which the equation has infinitely many rational solutions with a bounded denominator. Further, C is identically zero when m = n = 3 and has degree n -4 when n > 3.
Theorem 2. For m ~> n > deg(C) + 2, the equation afro(x) = bBn(y) + C(y) has only finitely many rational solutions with bounded denominator excepting the following situations when it has infinitely many: m=n, m+lisaperfectsquare, b=a(m~/--m~) m.
In these situations, the polynomial C is also uniquely determined to be
C(x)=afm( (4-~)x + 1-m qzq/-m+ 1)2 -bBm(x)
and has degree m -4.
Remarks. (a) The condition n > deg(C) + 2 in the two theorems is sharp as can be seen from the fact that the equation
holds for all y.
(b) A (common) particular case of the theorems was proved in [ 1 ] .
(c) In the exceptional cases (i) and (ii) in the first theorem, the unique polynomial C for which the equation has infinitely many solutions, is given as follows: In case (i),
In case (ii), writing n + 1 = 3u 2 and writing q~(x) for the unique polynomial of degree n for which q~(x 2) = B2n(x + 1/2),
) bf3u2_l (x) . Standard pairs are defined as follows. In what follows, a and b are nonzero elements of some field, m and n are positive integers, and p(x) is a nonzero polynomial (which may be constant).
STANDARD PAIRS
A standard pair of the first kind is
(xt,ax r p(x) t) or (ax r p(x)t,x t)
where 0 ~< r <t, (r, t) = 1 andr + degp(x) > O.
A standard pair of the second kind is
A standard pair of the third kind is
where (k, t) = 1. Here Dt is the tth Dickson polynomial
A standard pair of the fourth kind is
where (k, t) = 2.
A standard pair of the fifth kind is 
The equation Sin(x) = Sn(y) has been studied in [1] . This is a particular case of our result.
We first consider the first theorem. Evidently, we may assume a = 1 and we look at the equation 
B2d(rx q-s) = bf2d(X) q-C(x).
First, suppose (a) holds, i.e., deg¢ = 1. This means that (fl, gl) is a standard pair with deg fl = deg ga = 2d > 2. This is impossible as seen by looking at the conditions on the degrees of standard pairs.
Next, we consider (b), i.e., the possibility where ¢ has degree d. We use the following observation, see [5] :
Lemma. If B2~ ( r x + s) = 49((x -1~2))2for some r, s ~ Q with r 5~ O, then
Therefore, B2d(X) = qb((x --1/2) 2) and bf2d(x) + C(x) = dp(kx 2 + Ix + t).
Considering the coefficients of x 2d, x 2d-1, x 2d-2 and x 2~-3 of the second equation, we get the following expressions.
Coefficient of x 2d is b = ¢dk d = k d (the fact that q~d = 1 we know from the first equation).
Coefficient ofx 2d-a gives 1
where c2a-3 is the coefficient of x 2~-3 in C (x).
From the equation B2a(x) = ~b((x -1/2)2), we obtain q~d = 1 and ~bd-1 = -d(2d -1)/12. Using this and the values of b, k, l, t, we obtain C2d-3 = 0. Thus, deg C < 2d -3.
We now proceed to show that d must be of a special form and in that case C must be determined uniquely to be of degree 2d -4.
The infinitude of the number of solutions of (x -1/2) 2 = ky 2 + ly + t
forces that k(2d + 1) = 1 and that k is a square in Q. Therefore, we get d = 2r(r + 1) for some natural number r. Then C is uniquely determined to be
The claim that deg(C) = 2d -4 when d = 2r(r + 1), etc., is seen as follows. We use the property B2d( The last identity is impossible since a prime p exists with 2r 2 + 3r < p ~< 4r 2 + 6r and this divides the left side and not the right.
To use the above identity (,) to find the coefficient ofx 2d
we find the coefficient of X 4rz+4r-5 on both sides. Clearly, on the left side, it is (4r 2 + 4r -4)(2r + 1)C4r2+4r_ 4. Thus, we need to check that the coefficient of x 4r2+4r-5 is nonzero. This is computed to be Finally, we consider the possibility (c), i.e.,
B2d(rx ÷ s) = bf2d(X) ÷ C(x).
Comparing the coefficients ofx 2a, x 2d-1 and x 2d-2 we get
This is possible for a rational number s if, and only if, 2d + 1 is a perfect square, say (2u ÷ 1) 2. We obtain
With these values of r, s, we find that C is the same as it was for case (b). Therefore, the same computation shows that C has degree 2d -4. This completes the case I when m = n is even.
Case II: Let m = n be odd and > deg C + 2. As before, infinitude of solutions implies the existence of a decomposition 
C(x) = Bm(ux + v) -bfm(X).
Comparing the coefficients ofx m , X m-1 , X m-2 on both sides and noting that the left side does not contribute anything, we have:
Thus, first of all, this forces m to be such that m + 1 is a perfect square, say, 4r 2. This also determines u, v in terms ofr as u = -t-1/(2r) and v = (2r 2 -1)u + 1/2. Hence C is uniquely determined to be the polynomial ix + 2r 2 + r -1) 1
C(x) = B4r2_ 1 \ 2r
(2r)4r2_ 1 f4r2_i (x).
Notice that the expression for C we obtained in case I and the expression here have the common form
C(x)=aBm(x + (m 4-~-m + l -1)/2) ~/--m--+ l -bfm(X).
A calculation exactly as in the case of even m shows that the coefficient ofx m-3 on the fight side is zero. Therefore, C must either be zero or have degree smaller than m-3. Ifm = 3, we must have C = 0 and Let m > 3. Of course, one can easily check as in the even case that C cannot be a constant. Indeed, if it were, we would have If it is of the first kind, the above argument for m = n carries over verbatim to give n 2 = 1, which is a contradiction.
If it is the third kind, we have Bm(rx + s) = Dm(x , a n) and we have already Since m, n > 2, this standard pair cannot be of the second kind.
Suppose it is of the third kind. Then,
fl(X)=Drn(x, an),gl(x)=Dn(x,a m)
where (m, n) = 1. Now, Bm (r x + s) = 49o + ~bl ( Dm (x , otn 
We will compare the coefficients on both sides.
Equating the coefficients ofx m on both sides, we have r m =--¢1. The coefficient ofx m-1 on the right-hand side is zero and, so we get ( and gl is linear. Clearly, fl (x) = gl (y) has infinitely many rational solutions with a bounded denominator. Now B2n (ux "1" v) = ~b ((x -1/2) 2) and by the lemma observed while discussing case I, we know that we must have B2n(ux + v) = B2n (x).
Hence we have B2n(X) = q~((x -1/2) 2) and bfn(rx + s) + C(rx + s) = q~(x) for some r, s ~ Q with r ¢ 0. Thus, we have
Using the identity B2n(X + 1) -B2n(X) = 2nx 2n-1 , we have, for some r, t ~ Q with rs~0,
2nx2n-l = bfn(rX 2 + rx + t) -bfn(rx2 -rx -t-t) +C(rx 2 +rx +t)-C(rx2-rx +t).
In fact, t --= r/4 + s.
The coefficients ofx 2n-1 and x 2n-3 give:
Comparing the coefficients ofx 2n-5 and substituting the above value of t, we have r 2 _ n2n; + 1) 12
In other words (n + 1)/3 must be a square in Q. Note that since n > deg C + 2 ~> 2, this means n ~> 11. Writing n + 1 = 3u 2 with u ~> 2, we have We shall use our earlier general result on equations of the form fm (x) = g(y) for an arbitrary polynomial:
Theorem C (cf [4] where n > deg(C) + 2.
Therefore, we have
Comparing the coefficients of x n, X n-1 , X n-2, we get b=r n, r=-2s-n+l, respectively, and a straightforward calculation gives r2=n+l.
Thus n + 1 has to be a perfect square. Therefore, the equation
fn(x) = bBn(y) + C(y)
has infinitely many solutions if, and only if, n + 1 is a square, r = ~ + 1, b = r n and C is the polynomial
In fact, it turns out that C has degree n -4; a comparison of the coefficients ofx n-3 yields c,,-3 = 0 and that ofx n-4 is not zero. Finally, suppose we are in case (2) . Then, either m = n and gl has degree 2 or m = 2n and gl is linear.
Let us consider the former possibility first. Then, m is even, and fro(x) = q~(fl (x)) where m-l) 2 fl(x) = x ~ and Therefore, writing gl (y) = k(y + 0 2 + t and assuming that fl (x) = gl (Y) has infinitely many solutions with a bounded denominator, it follows that t = 0 and k is a square; that is, gl (Y) is the square of a polynomial. Hence, we have r, s ~ Q with r ¢ 0 and
fn(rX + s) = bBn(x) + C(x).
This is exactly the same expression considered in case (1). Thus, in this case also, we must have that n + 1 is a perfect square and C is determined uniquely to be a polynomial of degree n -4. Let us now consider the latter possibility; that is, suppose m = 2n and deg gl = 1. Then,
(r +s
Comparing the coefficients ofx n, x n-1 and x n-2, we get b = r n ,
and respectively, and a straightforward calculation gives r2 = 4(n + 1)(2n + 1)(2n -1)
15
We claim that this gives a contradiction. Indeed, we assert:
Claim. (n + 1)(2n + 1)(2n -1)/15 is not a square in •.
Let us write n + 1 = au 2, 2n + 1 = by 2, 2n -1 = cw 2 where a, b, c are square-free.
Note that 2n + 1 is coprime to n + 1 as well as to 2n -1 and that the two numbers n + 1, 2n -1 have greatest common divisor 1 or 3. Finally, in case (iv), v 2 -15w 2 = 2, which is impossible rood 3.
Therefore, we have shown the claim.
Theorem 2 is proved.
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